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1.  Introduction
4 The authors have developed a FORTRAN program that can be used
. ¥ to calculate the solution to the homogeneous system of first order
i % differential equations with constant coefficients as follows:*

¥(t) = AY(t)
) (1)
& Y(t =2 ?
; () =¥
? _
? Consider Equation (1) and let Y(t) be an n-vector of differentiable
i functions, Y0 be an n-vector of constants (initial conditions), and A
f be an n X n matrix with constant elements. Then the solution to
i Equation (1) can be written as
! Y(t) = o(t - £ )Y
; (o) = alc - eF, €
¢ i
; where ¢ is an n X n matrix known as the state transition matrix

(fundamental matrix) whose entries are functions of t. For example,
;
§ v = ;
| (3) -g
: §o(t) = -2y () - 2y,(t)

is a 2 X 2 system of linear first order equations, and ¢(t) is the :
/ matrix - !
% e-t(cos t - sin t) e-t sin t
i
A = =
} -2 e & sin t e t(cos t - sin t) . (4)

*The symbol A will be used to indicate A is a matrix and the symbol A
will be used to indicate A is a column vector.




To determine a solution to the system, given a set of initial conditioms,

- v, (ty) - y
Tep=| 1 Y )=% =" , ()
0 0
¥o(tg) Yo
one need only premultiply it by ¢(t - to). This result has been in the
literature for quite sometime1 and is a special case of the more general
result that

Y(t) = AY(t) + BV(t)

- = (6)
Y(to) = Yo
is solved by
t
a(t - t)¥, + /g(t - t)BV(t)de . (7)
%o

Clearly, the central problem in determining a particular solution in
either the homogeneous or the more general problem is the calculation

of ¢(t), better known as éé;. Subroutines for calculating éét have
been in the literature for quite sometime. All those known to the

auchors, however, have the drawback that'they do not output eét in a

form similar to that of Equation (4), but give eéta for one value of
t=t. This technique is widely used in the numerical integration of

iinear systems. Though such techniques are useful, the analytical foim
of the solution is lost together with time constants and system fre-
quencies which appear in an analytical representation for {(t).

The computer program developed in this report caun be used to
obtain @(t) for every t. The user need only input the system matrix A,

the dimension of A, and a set of error tolerance levels. For example,

let
1 0
.A_u( ) a (8)
-2 -2

1Frame, J. S., "Matrix Func a »'' IEEE

Spectrum, June 1964, pp. 123-131.
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Then the program output will contain (among other things) $(t) expressed
as & sum of matrices times linearly independent functions:

1 0 o -1 1 -
o(t) = e cos t+ e sint . (9
0 1 -2 -1

The error tolerance levels are discussed in detail in Section 3.

The remainder of this report is divided into three sections.
Section 2 gives a description of the problem and the techniques used to
solve it. Section 3 deals exclusively with the computer program and
includes a description of inputs and outputs. Finally, Section 4 gives
a listing of the program. Those familiar with analytic functions of
matrices can go directly to Section 3.

2.  The State Transition Matrix

A
a, e—tL Definition, and Properties

A
e-t, the ¢(t) of Section 1, is defined by a power series

as
At a2l 43,3
G O R G Cge b=t o (10)

where 1 represents the unit matrix. Since é&t is defined analogously

to édt, o is a scaler, it is similar in many respects. For example,

A(t + 8) At As
e~ = e~ e

a Bt A
dt -
A0a1 (1)
but, generally speaking
(At + Bt) t Bt
e = - 2 ™
eétegt . egteét (12)

since matrix multiplication is not a commutative operation. A compu-

tationally useful property of e:‘-l\-t is

s . e s e S g
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SAR U gyl (13)

. , , At
This makes it possible to easily calculate e~ in some cases by trans-
forming it into a similar matrix (e.g., normal matrices to diagonal

.2 . . . .
matrices ). The power series representation, while useful for numeri-

cal work, is none tco helpful for writing eét in closed form. The

-

. At .
following general theorem is used to decompose e~ into a finite sum
of n X n matrices times analytic functions in one variable.

Theorem3

If f is an analytic function on a simply connected open set D of
the complex plane that contains all the eigenvalues A, of an n X n
matrix B and the origin, then f(_) may be written as

S‘ J f(k 1)()\)

where nj denotes the multiplicity of the jth eigenvalue, s is the number

of eigenvalues, and the gj i are n X n matrices which are independent
3

of £ and D (they depend only on the matrix B).

Since e” is analytic in the whole complex plane, setting B = At,

£(x) = e* yields
s b
At _ t
DY Z k- DI 45,k - &2

A . .
Now it is clear that e—t has a rvrepresentation as a finite sum of n X n

matrices of scalers times analytic functions. The problem is to deter-

mine the hj and the Zj,k'

2Herstein, I. N., Topics in Alpebra, Blaisdell, Waltham, Massa- P
chusetts, 1964.

Frame, loc. cit.
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A review of the terminology involved in the theorem is presented.
A function analytic about {0} has a power series representation about

{0}:

(2]

£(z) = Z anzn for |z] < r (16)

n=0

therefore, f(B) can be formally defined by

(® =) af . (17
n=0

If B is an n X n matrix, an eigenvalue of B is a scaler A, for which
a vector X exists such that J

X = A.X (18)
or

(B-r.DE=0 . (19)

I1f Equation (19) holds, the matrix B - Al is singular, and, therefore,
Kj is a solution of the equation,

Det(B -AD) =0 , _ (20

where Det(B - AI) is an nth degree polynomial called the characteristic
polynomial of B. Its roots, which are just the eigenvalues of B, are
also called the characteristic roots of B. The multiplicity of M, 1is
its multiplicity as a root of Det(B - AL). 3

The theorem asserts that f(B) exists (the power series of Equation
(17) converges) if the eigenvalues are in D and that f(B) has a repre-
sentation in the form of Equation (14).

b. The Characteristic Polynomial and Its Roots

Certainly, the first problem in writing eét in the form of

Equation (15) is to calculate the eigenvalues and determine their multi-

plicities. To do this the characteristic polynomial has to be calcu-
lated. If ,

Det(a - AD =A%+ apn™ Tl 4 (21)

is the characteristic polynomial, the coefficients dk are calculated
using the following theorem.
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Theorem4
B =8Byt l
dy = 1, By=L1.B = 0
O<sksn . (22)

Recall that tr(aij) = Zaii is the sum of the diagonal entries of (aij)'
Since B = 0 a good way to check for errors in the calculation of the
coefficients is to check the difference between the calculated gn and

the theoretically determined values. An interesting consequence of
Equation (21) is that

AB
___-:-1 =1 (23)
n

or

B
= N (24)

if éfl exists (dn 2 0).

The roots of Det(A - Al) can, at this stage, be calculated using
any one of a number of different techniques. In this program the classi-
cal Newton-Raphson method is used. The roots then have to be sorted
and multiplicities counted. Numerical errors can be generated almost
anywhere in our program. At this stage, these errors necessitate a
decision. For example, using Newton-Raphson the equation

xﬁ + 2x2 +1=0 (25)

will have calculated roots € i, € t i where €1» €, are small

< 10-13 using a double precision version of an IBM root routine), but

distinct real numbers. The solution to a &4 X 4 system with Equation (25)
as its characteristic equation will be calculated to be of the form

4Frame, op. cit.
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(e,-i)t (e i)t (e,-i)t
21 +§2’1e 1 + Z ’ e 2 +_Z_1’4e 2 . (26)

3,1

But since the roots of Equation (25) are really *i, each of multiplicity
two, the solution really is
it it -it -it

+ Z .te + Z, e + Z, te . (27)

2118 t% 21 22,2

To avoid this kind of problem some decision has to be made. Namely, a
tolerance € is specified such that a will be set equzl to b if

la - b| <e¢ (28)

where a and b are roots of the characteristic polynomial.

For example, in the case previously considered, € is set to be
large enough so that

Iel - €2| <e . (29)

The program replaces €, by € and, rather than saying that the
characteristic polynomial has distinct roots € + i and €, * i, claims
that it has a root of € + i of multiplicity two. The program then
checks to determine if the root, or its real or imaginary part, is small
enough to be called zero, i.e.,

la] < e . (30)

If Equation (30) is satisifed, a is set equal to zero. In the example,
the final output is two roots, *i (each of multiplicity two), if e is
sufficiently large.

Although an error at this stage will make the solution to the system
look radically different, it will probably not change any of the usual
system constants in a discontinuous manner. In fact, the solution to
Equation (1) depends continuously on the eigenvalues. To see this,
notice from Equation (10) that the solution depends continuously on A.
Using Equation (13) it may be assumed that A is in lower triangular

form5

5Herstein, loc. cit.
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A 0
A= \ . (31)

The diagonal entries of A are just the eigenvalues. If the roots are
changed by a small amount € then the system is changed to one with
matrix A' where

A=A+ ¢ (32)
€. 0
- N ”
S50 e
s

Hence,

At . et (33)

which is continuous in the ei.

c. The Constituent Matrices
= pbsriiuent flatrices

The matrices ‘%j k 2re called the constituent matrices and,

L]
as was previously noted, are dependent only on A, not on the analytic
function at which A is evaluated. Rather than launch into a general
description of the technique used to calculate the constituent matrices,
they will first be calculated for a particular example and the illus-
trated technique generalized. Suppose

0 1 3
A= 6 0 2 (34)
=5 2 4
with characteristic polynomial
(x - Dx - 2) -(35)

which has roots M =1 (of multiplicity two) and A, = 2 (with multiplicity
one), eé't must be of the form

At t t 2t
e~ e él,l + te 51’2 + e £2,1 : (36)

rmww e At et s e e st i

NS iy W




Applying Theorem 1 to the analytic functions f(x) = xo, g(x) = x,

Z7,1

or, in equation form,

11

f'= and h(x) = x2 and substituting A for x, the resulting equations are
iij 1= 1-;1’1 + 0 51,2 + 1 52,1
o A=LZy 12 ,% 28y,
; 2
| A% =1 Zy ;t 2 Z) 5 * 4 Z) 1 (37)
} By using matrix notation and considering I, A, ﬁz, Z; . 3 formal
- symbols Equation (37) can be written as s
| 1 1o 1\/5,
3
E A lslrr 2]z, (38)
5 2 g
: A 12 4J\g,
i The matrix
: 1 0 1
3 1 1 2 (39)
1 2 4
is invertible with inverse
0 2 -1
-2 3 -l (40)
1 =2 1
S0
2 4 0o 2 -1 /ﬁg
= -2 -
Z , 3 -1 a (41)




2
.2.1,2"21+3A'é

2. . =1-2A+4° (42)
L1 2 Aatas .

The Z's can be easily calculated from Equation (42). In general, if A
is an n X n matrix, the colummn vectors

|
I
1> |-

(43)

(44)

N
i
oot
[t
-
X3

Z
~s,n
are formed and yield the matrix equation

A =YVZ (45)
where _\Lt is the transpose of an n X n matrix V, called the Vandermonde
of Equation (1). The simplest way to calculate the entries of y_t is as
follows. Partition _v;t into s, n X n_ matrices. The Kt matrix will

be filled with entries calculated from the kth eigenvalue. The entries
of each of these matrices is calculated using the algorithm

vi.‘l =0 i> ]

vij =1 i=j

Vig " Ven,ge0 P Mg,y B3 (46)
As an example, suppose A has 3 eigenvalues kl of multiplicity 3, xz of

multiplicity 2, and A, with multiplicity 1, then V® is

3

12
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where !F is always invertible6 so Equation (45) can always be solved.

d. Complex Eigenvalues

In all previous examples the eigenvalues have been real. 1In
general, the eigenvalues may be complex and the result is that xj and

21 3 may in general be complex. The program developed in this report
3

handles all complex computations with real computation and no FORTRAN
complex declarations are made. As a result, double precision may be
used to provide accurate solutions.

If the eigenvalues are complex then the matrix eé-t may contain
numbers and functions which are complex in form and must be combined to
form a solution which contains only real numbers and real functions.
The task is tedious by hand, so the program combines complex functions
into a real form convenient to the user.

A
The generation of a real form for e—t with complex eigenvalues is
handled in the same manner as in the case of a single linear equation
with constant coefficients. Namely, if hj =+ i8 is a characteristic

root then so is KZ = - ip, and the two roots have the same multiplicity.
The term

k-1

t (oct ist at -ipt )
(k-D1 © e By tee Tz, (48)
6
Frame, loc. cit.
13
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occurs in eét. Write

Zy =2+ izz 49)
Ly =W+ im0 (50)

e
with W, WW, Z, ZZ real n X n matrices, and write e 2Pt as

cos Bt + i sin Bt (51)
Multiplying out the compiex numbers and grouping terms, Equation (48)
becomes
tk-leat
ac-—-_l_f' cos Bt(Z+ W) + sinpt(WW - 2Z) + i {sin Bt(Z-W) + cospt (2Z+ &W.)}

(52)
but eét is real since A is, therefore, the complex part of Equation (52)

must vanish for all ¢, By evaluating Equation (52) at 0 and 7/B, the
connections

[N
i
=

Z = -WW (53)

are established. Simplifying Equation (52) gives

k-1
"('T('tT"i)—! ™ 2 cos Bt « Z - 2 sin pt S 221 . (54)

All the quantities in Equation (54) are real.

It will now be shown how the complex computations of Equation (45)
may be handled using only real computations. Recall that complex

numbers can be changed into 2 X 2 matrices according to the following
rule:

o -8
a+ i ( ) . (55)
B o]

If z and w are complex and Z, W are their corresponding matrices then7’8

7Frame, op. cit.

erstein, loc. cit.
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T p—— (56)
Equations (56) are sufficient to guarantee that algebraic calculations
done with the matrices will agree with those done with their complex

numbers. This monomorphism is extended to n X n matrices in the natural
way. If Z is a complex n X n matrix and

Z=A+1iB , (57)
then
A -B
_Z_/'—"’( ) ’ (58)
B A

a 2n X 2n matrix.

Similarily, if W, C, and D are n X 1 matrices such that

W=C+iD , (59)

C
W /-—-»(- ) . (60)

then

D

9,10
Equatiors analogous to Equation (56) holds '~ Under chese transfor-
mations, Equation (59) becomes

9Frame, loc. cit.

Bradon, G, E., Introduction to Compact Transformation \Groups,
Academic Press, New York, New York, 1972,

15
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A

: . wRE vet :

A" ZR

= = ~=n,n

0 i1

: yct vt =

9 A (61)

where V° = VR + ivc® and z, ., = ZR, . + iZI, .. The 2n X 2n matrix
- - - —1,] i | 1,
t
vR® | -vet
_— _1'_.._- (62)
_\_I_Qt : ﬂt

is inverted and the calculations are made as before.

The 2n X 2n matrix given in Equation (62) cannot be inverted by
inverting the two n X n matrices VR and VC as can be shown by this
counter-example:

0 1 0
A= {0 0 1 ; (63)
0 <1 0
hence
Det(A - AD) = = 2 +2) (64)
so
AN=0, £ . (65)
yF is
1 1 1
0 i -i (66)
0 -1 -1/

The real matrix corresponding to !t is

16




1 1 1 : 0 0
0o 0 0 -1
0 -1 -1 | 0 o0
————— +——.._.__
0 O {
-1 : 0 o
0 0 0 | -1 -1 (67)

None of the 3 X 3 matrices are invertible.
e. Exrror Checks

Recall that éét satisfies

At
de__ _ peft

T T A (68)

Furthermore, among all the analytic functions satisfying Equation (68)
it alone satisfies

£0) =1 . (69)

Equations (68) and (69) can be used to construct a test on the validity
. At . .
of any technique purporting to calculate e—t in terms of its constituent

matrices, If éét is differentiated with respect to t [Equation (15)],
Equation (70) results

] i tk_lékjt
e {7 + N2, 0
25 25 DT [Z5,81 % M, (70)
j=1 kel
(without loss of generality we can set Z.,n 41 = 0). In terms of
Equation (68) 37] |
k 1 J 3
Z, + N.Z. - A7, =0 (71 :
z z (k - 1)' [-J)k*']- iTik —"J,k] - {7
J=1 k=1
or setting
1 5
—_— = 2! 72
(k- D! 2,6~ =5,k s ‘

17
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ALt

Z Z & led e eaz. . - Az ] =0 . (73)
=jskt+l =ik =i,k -

=1 k=l

ALt

The functions t e J are linearly independent so their coefficient

must be zero for the left hand side of Equation (73) to equal the null
matrix:

kZ' +NZ' . -AZ' =0 k<

=j,ktl J ik =ik = "
A - AZ, =0 . 4
.J—J ’nj -] ’nj - (7 )

If xj = o + if is complex then, using analogous notation,

kZR' + QZR! + 371! - AZR' =0
—j,ktl =i,k B_J sk —i,k -
kZ1'! + QZ1' - RZR' - AZ1' =
==j,ktl =i,k 5_.] sk —=j,k

a_z_l_{_' + BZ_L' - AZR! =0

J’“j J:nj J,nj =
ay, omj, e co. o
i i

Checking these equations provides a good overall check for numerical
errors. The program keeps track of the maximum entry of the matrix on the left
hand sides of Equations (74) and (75) (absolute value of thematrix entry).
After all calculations have been done, it prints out this maximum,

3. Program Description

a. Flow Chart of Program

A flow chart of the program containing the computations
defined in Section 2 is given in Figure 1, All blocks in the flow chart
with the exception of the last, are either self-explanatory or have
already been explained., In calculating the inverse of a matrix the IBM

subroutine INVER.T,11 which employs pivotal condensation, was used, In

11§yst§gy360 Scientific Subroutine Package, International Business
Machines, While Plains, New York, 1968.

18
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calculating the roots of the characteristic polynomial POLRT, another

IBM routine was used.12 It is a 500-step Newton-Raphson method in two
variables.

b. Inputs to Program %

This section defines the form of the input data for the
program. The firct four cards define the tolerance constants described
in Section 2. Thesc cards are read only once for any set of A matrices
to be run. If the dimension card (LDE41) for an A matrix is zero in
value, the computer run will terminate.

The order and format of the input data cards are shown in Figure 2.
The variable names in Figure 2 can be identified as follows:

DB - In sorting roots, two roots which differ by an amount less
than DB are set equal. This tolerance will effect the multiplicity
calculated for a root and hence the form of the solution. If the user
selects DB = 0, distinct roots are likely to be generated changing the
form of the solution. Since the solution to Equation (1) depends
continuously on the eigenvalues, the form of the solution chosen by
the program will give the correct answer in a numeric sense.

DD - 1f the determinant of the Vandermonde is less than DD in
absolute value, an error message is printed stating that the Vandermonde
matrix is singular. When this message is encountered, one of the
following occurred: (1) DD was selected too large, (2) User entered
data improperly, or (3) numerical roundoff or truncation error is the
source of the problem. After the error message is printed, execution
is halted and the next data set is read in (starting with LDEM). If
the user sets DD = 0, the program halts only if the determinant of V
is zero.

LDEM - Order of the system matrix.
A(1,J) - Element of the system matrix.

c. Sample Program Output

Along with the error messages already discussed, the program
will print the A matrix, its characteristic polynomial, a table of

characteristic roots and their multiplicities, é&t expressed as a sum
of constituent matrices and analytic functions, and the maximum error
as determined by the method of Section 2.e. ‘

12,144,

19
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The input data set shown in Figure 3 was used to generate the
output shown in Figure 4.

4. Program Listing

The listing given in Figure 5 is the double precision version
of the EAT program.

5. Conclusions

Programs to calculate the state transition matrix (eéF) as a
linear combination of functions of time are not generally available,

The program described in the report computes eéF and should be useful
to those involved in the solution of linear differential equations
described by state space equations.

20
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READ INPUT DATA
1. TOLERANCES

2. DIMOF A

3 A

bRt s SN g S B R o

CALCULATE THE
COEFFICIENTS OF
DET (A —A L)

CALCULATE ROOTS.
IF UNSUCCESSFUL,
PROGRAM TERMINATES

| SET SMALL REAL AND
IMAGINARY PARTS OF

. ROOTS TO ZERO WHERE
; APPROPRIATE

¥

DETERMINE THE
MULTIPLICITY
OF ROOTS

DETERMINE IF
ANY ROOT IS
COMPLEX

REAL COMPLEX

CALCULATE
h va' -—vc!|
y -vst _mt

CALCULATE

SET SMALL ENTRIES
OF THE CONSTITUENT
MATRICES TO ZERO

CHECK THE
CONSTITUENT
MATRICES

WRITE OUTPUT

Figure 1, Flow chart of program,
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/ CARD
NO. VARIABLE NAME FORMAT
I ; TOLERANCE 1 DB D15.0 . 4
e = LEVELS 2 DC D15.0
. 3 DD D15.0 1
FIRST DATA 4 LDEM 12
SET 5 A(1,1), A(1,2), A(1,3), A(1,4) 4D15.0
1 . . .
SECOND DATA M LDEM . 12
SET M+1 Al1,1), A(1,2), A(1,3), Al1,8) 4D15.0
| A . . .
| RUN { K BLANK CARD 12
f TERMINATION

Figure 2, Input data card format,

B

i
(r 5 15 30 45 60 —— CARD COLUMN NUMBER
< ) 0.0001
|, 0.0001
£ 0.0001
) 0.0001
i 4
o 0.0 10 0.0 0.0
E 0.0 0.0 10 0.0
A 0.0 0.0 0.0 1.0 1ST DATA SET
-1.0 0.0 -20 0.0
3
0.0 1.0 0.0 0.0
0.0 1.0 —4.0 -8.0 } 2ND DATA SET
\ -4.0
4
0.0 10 0.0 0.0
0.0 0.0 1.0 0.0
0.0 0.0 0.0 1.0 3RD DATA SET
—4.0 -8.0 -8.0 -0
4
0.0 0.0 10 0.0
10 0.0 0.0 1.0
0.0 0.0 0.0 10 4TH DATA SET
0.0 10 0.0 0.0
- (BLANK CARD)
3,
| | Figure 3, Sample input data card set,
i 22
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R PRI 5 E M E A PR, S0 R

e e ... ... lgt.Data Set.Output — . ... . e

CAMATRIX e e e = Goveeimein o e e DS 8 00D @00 semps ==n o
0. .1000000000001 0. v 0. .

scmon o(j e e v e S R e gt wosmmenenn e IUOOOOWDUOOI“ =0 0 gjpe o © 000 @m as
0. 0. 0. .)000000000001
«,1000000000+0F -~ 0y T @,2000000000401 © 0.

-2

3

S . e e . . o 00 o@o oo 000 Sow e i e e 6o o m Do o= oo coOeo O 00 mEED © o o oo 3

A

§

oo "o oo 00 O o0 o™ 900  COOmO K Gne 0GSH S ETED OSIDGIE 0 O © OCOCITIETD ©Sooe o o=m o 0 8 0cOCDdI 008 © @O i e = e e e .3
P EE SR BN BE BN BE K N N K K K BN B SR BE BN R SN N R FE K BE EE S B S A 2K 3K A BN BE BN K BN BN

~ CHARACTERTSTIC POLYNOMIAL =~ = = = ~/=7 /=== = =i oo oims oo e

L0 J10000000DS0LY s i ot < e - S
- (;06"‘; I L T T TR
o ;ZUOOUUGObTOIT'GXQW€Z“$‘”” e et e s e
R L I e e

t -
coeme ( ;xowow‘o*r_w._._“ ? o=mmom@a ws =0 - La i cemmt maem e e 1 e e e v e sai v msa—

CHARACTFRISTIC ROOTS ,

REAL PART COMPLEX PART MULTIPLICITY
0. S -=4100000000401 - 2 -
0. +100000000+01 2

B RR R ND R DD R R BB N BB R B RR R R RRRRRRRN TR RRR

EXP(AX) =

+ F( l)'Z( l- l) . FL( 2)*ZZ( ls l)

T DAL

+ F( 3)*24( l- 2) ¢ Fl 4)#22¢( 19 2) -

00— e c—rom ———om 5 CoIEDED 0 toDm o e e e esese—————

WHERE F (1) ARE

Figure &4, Sample program output,
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e i AT RS TS B

TTFT T = COStX® ~.100000000%0Y - 0

P2 T SINE 000000000l - ——— — e e e e -

3 =---—¢x~-u~c_os1—x*--.wt;;;;o:;;;t;- - —--ﬁ _ _» -

~ Feurs --rx\'rr-’n*_smrxf;-:mvommsm" R :—- e

" TAND WHERE "THE 'I'l'ND"ZZ‘ MATRICES ARE "~ "~ T T
IRTRY m\m\xx-—xs : - - -

——= 100000000001 .~ 05 "~ =~

0. N 28
0. 0.

ZZ( 1. 1) MATRIX IS

0. : ) 01500000000001
A .5000000000’00‘""' 0. T

Qe +«5000000000+00
- WOW‘W T e T T T T

o seon oAk

TZC 1Y 2) HATRI’X”'IS"' - T

-+ ;5000000000500
.sooooooooo'oo 0.
0. " 4500000000000
-.5000000000400 0.

TR RIEE: - ER
0. .1000000000001

00 ’ 00
"«1000000000401 © "0, - )
0. o .V +1000000000+01

Oe .5000000000000
T =3d5000000000400 " 0.

0. 5000000000000
“«1500000000+0T 0. R

TR TTTT T T w  5000000000% 00
+5000000000+00 0.

0e T T 7a5000000000+00
=+5000000000+00 0.

ZZ( 1. 2) MATRIX IS5 ;
-.soooooooomoo 0. =¢5000000000+00 0,
"0 T e 5000000000400 0. - = +5000000000+00
+5000000000+00 0. : +5000000000+00 0.
0" TS E00000000% 00 T 0 T T T T T T S0 gU000000 00
nAxlmm ENTRY OF ERROR MATRIX= .407667:20-12

B K TR S SR S S SR SR S T SN A R N N A Sk S SEC R RSN JRN SN SIY TS v Ep rug g v AR O
’ . o

Figure 4, (Continued),
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Yy, TR AT R

v . 2nd Data.Set Qutput

0. o «100000000p+01 ¢,
oo 0 gt1000000000s01 100000000040 - =
=+4000000000401  ~,6000000000+01 =+4000000000+0]

LA i S L LY SR Bl A B B B A A R S R O, LR R B

CHARACTERISTIC Pouywowra . o

( +400000030+01) o

( +600000000+01) nxes | .
( +40000000D401) wxes 2 , ' , .

o 'w(,fmg’z'ugljgv;gﬁ;@;m“ﬁ 5

( «100000000+01) wyxes 3

R s

e

CHARACTERISTIC ROOTS -
REAL PART = = = - compLex paRT - - MULTIPLICITY
1

IR e g

=¢200000000+01 0. , |

=+100000000%0 " “ < 1000000000 ——- - . . 1 ' ' < k
_ =¢100000000+01 «100000000+0] 1 :
— ;
!
.;' Ra 2R 2 2 L an 2 2 EE 4 L 2 B Laa A8 a5 LS s o 2N'3 L 20 R I WY LR R B -1 *® 0 w9 e - §
& i
i |
EXP(AX) =
! ¢ F( 1)%2( 1y 1)

*FER2%20 20 1) o FU Bwzz0 2, 1y

WHERE FiDy akE - . .. .

’Qmwﬂ“ﬂﬂwwnm ooms
+

FU 1) = EXP(Xe =+200000000+01)) -

T 0

Figure 4, (Continued),
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F( 2)

(X## Q) #EXP (X% =,10000000D+01)#COS (X% =,100000000+01)

F( 3)

(X#® Q) HEXP(X# =4,10000000D0+01)*SIN(X# =,10000000D+01)

AND WHERE THE Z AND 2Z MATRICES ARE

Z( 1y 1) MATRIX IS

«100000000D+v] «100007000D+01 «5000000000+00
=+200000000D+01 =¢2000000000+01 =+100000000D+01
+4G0000000D+01 «400000000n+01 «200000000D+01

Z( 29 1) MATRIX IS

VY =+100000000D+01 =¢500000000D+00
«200000000D+0]) +300000000D+01 «100000000D+01}
=.400000000D+01 =+400000000D+01 =+100000000U+01

ZZ( 2. 1) MATRIX IS

=+200000000D+01 =+2000000000+01 =+¢5000000000+00
«200000000D+01 «100000000D+01 0.
0. +200000000D+01 +1000000000+01]

MAXIMiIM ENTRY OF ERROR MATRIX= ,60584518D=27

LA S B B N R IR R R R BRI I BTSN SO TR R R S S S R Y

Figure 4, (Continued),
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TR S N NN TN

__3rd_Data Set Output _

T I R _
0. +100000000D+01 0o 0. -

T 0. T T g, T T [po000000Ds0Y T T T, 0 T T
0. ' Y P : 0. . +1000000000+01

-.4000000000+01" ~ -.800000000D+01 ~  -.3000D0000D*01 ~ ~ -,4000000000+01

R ST

SRR

%; - on o oo 00 s
DCRmD I CDor e | APt e GO e e e e e e G b eveooes 0hr e= (| Cort] Pa BHe—Ocn | mA e e

e

..\l..'.I‘ﬁ.-ﬁQCDG'.'..'QDCGCDO0.'0{...{6.0...

e

“TCHARACTERISYIC "POLYNOMYAL ~ T T T T T T

= Postim Mo CoDOD O oo oo AT n = weo el o oo oms O Coo > O Db O D P Se—fom Ot e o B

=g JGO0T0000DS0EY s - - oo e s L
-——— (-.J:govoooom.o‘r)__m‘.l ’--_ e e mam e 1 .... mi— i e e e mem s eaw LR VRS O U S — - -
- { ;BOGQO'OUI-IUO’OTT‘TX""'Z‘ B T e e e S

S RIS e e

2=y _.‘_ooo_o.mml_),___‘x.'.a 7 e e e e o5 VPO OEFCTD 0 .o DSIED O Gmmome eon

T

e S TOUUD00UDFOTT KR E g — = e e e

F e Al e i = G B Tt o S B R e e e R e

: ¥ CHARACTERISTIC ROOTS o

3 § REAL PART | COMPLEX PART MULTIPLICITY

4 3 " %,100000000%0T " "+,10000000D401 .~ - 2 e

b 5 . =.100000000+01  ,10000000D+01 2 ;
a e _. e e e e e

R B R RTE R R RR FREER NN BRE R TN R R RN R RN NEEN

. | : oo e P o o 1lo 5 oo oc—oweEE0 0 acic=s (D 0] | O ESCITR S SS o0 OB oo

& EXP(AX) = - 5
i S e FUDSZC Ly D) e FCDWZZC 1y 1y ) - s I‘
5: _sEtast 2 eFlaszt —

— m Ftl) .‘.RE.. i i TR e . =

W i S A e

Figure 4, (Continued),
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TR R A A R R

Sl s iaii o e
|
FE 1) = (X%® 0)*EXP(X* -.100000000+01) #COSTX#* =,100000000.01) ° =~ =~ °-

FC 2E = (Xee 0TS EXP A =, F0000000DF01 Y ¥SINTX® =, 10000000DS0L )~~~ - <
\ o

TTFL 3 2 XeR 1Y REXPIXR < lOOOOOUﬂDoOl)’COSTX'“”’TUUUOOUUDBUT) e e

U4 = (X% TTREXP(X* =, T00000000+01) *SIN (K% =3 T0U0RUOODUIY =~~~

~

" ANDWHERE THE Z “AND" 2Z MATRICES ARE =~~~ = =777 "% immr mmemmsees e

Z( 1s 1) _HA-’RIX is - o . . . - T e o
1000000000401 <05 o o g een i
Oe ) «1000000000+01 0- : '
" Ba : e ’ : ' olOOOWOOﬂD‘OI '"“0:"' Tt -
0. ) [1 Y ) B i O ) o .1000000000001
22( 1. n wmm IS -
0200000000401 ©  =+300000000p<01 -.1500000000»01 '-.soooooooouooo
.2000000000+01 © ~~ ,2000000000+01 ~ 1000000000401 5000000000400
-,20000000002+01 =,2000000000+01 -22000000000+01 «.1000000000+01
——=J%000000000+01 — "~ 3000000000501 — -~ +60TVOUUTODS0T —— — = 2UGU00TTODU1
T2 1 "2) MATRIX IS - PP S, s el i e T
~231000000000+01— -~ =52000000000+01 =3 1500000000507 =< S0T00UTTODITY
+2000000000+01 +300000000D+01 +2000000000+01 +5000000000+00
"92000000000001 T =42000000000+401 0 =, 1000000000401 © O, e
[+ ]S -4200000000D+01 =-¢2000000000+01 9.1000000_000001
2 1, a) MAVRIX IS
‘91000.000000001 -+1000000000D+01 ‘05000000000000 0.
0. = 100060000001 541000000000+07 -.5000000000%00
+2000000000+01 +400000000D+01 +3000000000+01 .100000000D+01
© =,$000000000¥61 ~ ~* 600000000001~ =, %000000000FOT —— =, 100000BU0DFOL
MAleuM sum or ERROR mmuxn .100202930 -10

R A e R e A i R e I e A R I e JRUJNE S R R o N o 2h B B S S S St Set e S

Figure 4, (Continued),
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oy

O SRR S s

s
%

AR RN L e

4th Data Set
A MATRIX o o
0. 0.
«100000000D+0] 0.7
Oe 0. .
0o «100000000D«01

Output

U OOUCOCOD G

0.
0.
"0

0.
<100000000D+0T
1000000000401

0.

LB B BE S B BN NE 2K 2N 2R B BE BE BR R BN BN NN EE BN BN EE BE 2K B IR B N SN R I N I R Y3 N )

CHARACTERISTIC POLYNOMIAL =~

" { .100000000%
RN TR
( =.100000000+
ot T
‘U 4170000000+

'

CHARACTERISTIC

01)

.,. .x“ 1 . . - - !
01) ex#s 2 o

) ax#8-3 o

O1) wgREW—G o e

RUOTS

REAL PART COMPLEX PART MULTIPLICITY -
=.866025400400 - «500000000400 - 1 T .
=+8660°540D+00 =+500000000+00 1
+866025400+00 -+500000000+00 1 -
+866025400+00 «500000000+00 1

S FLLIZC 1s 1) ¢ FC 210220 10 1)

LR BE BN X BN BN K R AN BE BE BN BF BE BN BE AR BY AR K BE I IE BN BN RE N BN B NN N B N SN N I WS

EXP(AX) =

¢ FU 3)e20 39 1) « FL )22 3y 1)

Figure 4, (Continued),
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i = e S e e S B U 0 A A N B L e

WHERE F (1) ARE

Ft 1) =2 (Xn8 Q) #EXP (X =,866025400400) #COS(X* ,500000000+00) - T

t
-
-—
N
~

H

XeR QY REXP(X* = ,86602540D+00) #SINIX® +500000000+00)

;

I Tt 8] SEXPLXY  (BE602SH0LF 00T COS XY =;50000000D% 007~

CFTG) = (XeR OIYEXPIX® T ,B6602540NF00) #STNIX* =,500000000+00)

[}

| K .

| AND WHERE THE Z AND ZZ MATRICES ARE '
:; ._.._Z(« r‘ l’, "AtRle. Is. EETIEE R R T ) - e - . v e e - - - ‘5
| - f
% © 45000000000400° - ~.2886751350+00 <.5773502690400 - 0. ~ i
; ~+2386751350400 +500000000D+00 0. ~45773502690400 {
; -,2336751350+00 0., 745000000000400 T 4288675135000 {
f A .. . . .Te2886751350s00 2886751350000  .5000£00000+00 |
A . L - - o 5
E : ZZ( 1, 1) MATRIX IS _ - _7 g
f' +238675135D+00 =+500000000D+00 0. . +5773502690+00 :
3 < 7 745000000000%00 "~~~ %, 2886751350400 =.STTISU269050Y" UL T !
4 5000000000400 +5773502690+00 +2886751350+00 ~+5000000000+00 :
k|  =.577350269D+00 +500000000D+00 +5000000000400  * -,2886751350+G0 2
‘ { .
A S | o . ;
fls ‘“2T'3ftr1 MATRIX IS - e ST T mmm s m e e %
a © .5000000000000 - 2886751350400 - ST73502690400 0. v < - :
: +2886751350%00 +500000000D+00 0. +5773502690+00 :
: 2886751350400 -~ 0s : +5000000000500 *4 2886751350400 =
i 0. +2886751350+00 ~+2886751350+00 +5000000000+00 ;
i . . e - - :
{ / , 2Z( 3. 1) MATRIX 1S :
L & : L , : R e :
i +2886751350+400 ¢5000000000400 . 0. +5773502690+00 ;
Wi S000000000%00 "~ ~ " 2886T5I38D400 ~ ~ S.STTISOZEYOSOY T T 0T !

+5000000000+90 «5773502690+00 +2886751350+00 +5000000000400
3 =.5773502690400 ~.5000000000400 - -.5000000000400  =.2B867SI35D+00
. - = e et e e eerp® & s — e e mame e o memmer s v w i
MAXIMM ENTRY OF ERROR MATRIX= .378653230-28

Figure 4, (Concluded),




20
25
e
55
u?

45

5%

Cor CIFGLDEM) (781w TeesT61 T

R 4

0S/16/75  09.59.29.

EAT L1014 OPTEL . _..FIN 4.2075067

""“"PROGRIM EATTINPUTSOOTPUT s TAPESEIRPUT s TAPEG=0UTPOTY
" OIMENSION XCOF(IO)oCOF(IO)nROOTR(IO)-ROOTI(IOi

“DIMENSION STORXTI0)»STORY(I10) ™ Y
OIMENSION VR(10910)9VC(10+10)9RSAV(10910)

" TDIMENSION RF(IOIINTTOY oRECLTI0) yCMPXR{I0) "~ 7
OIMENSION A(I0910)9Z(10+10)92Z(10+,10)9+PROD(20+20)

T T OTRENSTON V2052075 514007
OIMENSION L1(20) sM1 (20)

DOUBLE PRECTSION RELLSCMPXXsA9292Z2PRO0 ~
DDUBLE PRECISION V159048

T 777 TDOUBLE PRECYSION 0A>DBsDCyDD
DOUBLE PRECISION XCOF.COF;ROOTR.ROOTIoSTORYoSTORX

"“DOUBLE PRECTSION Yo X R a® .
OOUBLE PRECISION YY S /

“DOUBLE PRECISION VRsVCHIRSAV -

READ "IN ALL TME DATA ™~

e Xelgl

READ(S+101) DB
READ(5s101) DC
READ(S9101) DD
FORMAT(1015.0)
WRITE (6475S5)
WRITE (69937)

101
866

7937 FORMATIGUTUIXsTH®)) —

WRITE(64+801)

“FORMAT QIHIy ~ 77 77
READ(S-I) LDEH

K=o e e e .
IFF=0 . ’

801 -

161
88

60

READ(SQBB)((l(loJ)QJ’I'LDEH)QI‘IQLOEN)
FORMAT(4015,0) = o
WRITE(6960)

FDRMAT (777 /773X+BRA "MATRIX)
CALL WRITE] (LDEMsA)

< WRITE(64755) T T
WRITE(64937)

. CALCULATE THE CHARACTERISTIC POLYNO!XAL

ano

XCOF (LDEM+])=]1,D0

T CALLT TRACE (AsCDEM:B)
XCOF (LDEM) =-8

00 0 I=IsLDEM
DD 40 J=1.LDEM

40 VR(Is N =A(ToJ)" o T e

DO 10 IxI. DEM

"VR(I» DI sVRTTYTT4XCUF (LDEM) :
MMa_DEM=]

M= OEM - R . = wmoon a
0D 33 I=lsMM

. CALL MATPRO(MsAyVRyPROO) -
CALL TRACE2(PRODsMs8)

RCOFtM=1)xa ¢t} O070BLE(PLORT (1) 1) e8
DD 20 IP=l,v

00 20 JP=leM - -

Figure 5, Program listing,
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T

BT I T

e s

pata ol

0 ooy,

_95

et

e oY T

BRLoSH

C
T CALCULATE AND T INVERTTHE VANDERMONDE ™~ =~
¢ :

_ PROGRAM EAT  74/74  OPTal

T T T 2U VR IPS JPYRPRODTIF, IPY

, FTN 4,2475067

_0S/16/75 _ 08.59.29.

00 30 IPal,N '

30" VR(IPs IPY VR (173 IPY <XCOF (=T} T
33 CONTINUE

WRITE(6975S)y ~ T T : -
WRITE(64104)

7T T 10% FORMATIX ¢ 2SHCHARACTERISTIC PDLYNDMIAL” ]

naa

399 CONTINUE

o0

_ 755 FORMAT(3X///)

S5

701 FORMAT (1XsDISeB35Xs015aBeISKyI5) — ~=7° =+ ===t

CALI. WRITER (XCOF s LDEM)

- CALCULATE THE CHARACTERISTIC ROOTS -

CALL POLRT (XCOF » COF vLDEN'ROOTR'ROOTI +IER)

00 399 T=l,L0EM T
IF (ROOTR(I) LT oDB.ANO.ROOTR(I) +6¥.=08) ROOTR(H:0.00

“IF(ROOTI(T) (L T.08.AND.ROOTI(T) oGT.-DB) ROOTI(D :ﬂb

IF (JERY 61470561 " R rTmrm s oTm T T
61 WRITE(6+108) 1ER

Rl ZOR?;T é ///3X°WHEHROW IN" ROOY™ CALCULATION, W)UE" i2)
0 66

g

SORT ANO CLASSIFY THE ROOTS

70 CALL SORT (ROOTRvROOTl'RELLvCNPXx'STORX'STOR‘hN'LOEN'K'DB)

WRITE(64755)

-—— “RITE,‘6'SSl i e m——— ! P L R rr A

FORHAT(ZXv?OHCHARACTER!STIC ROOTS //2X+9HREAL PART¢13Xo12HCOMPLEX

T 1 PART»13Xo1 ZRMULTIPLICITY )
1=K -

TR0 700 I=I4IQ -

700 WRITE(64701) RELL(I) +CMPXX(I)oN(I)

WRITE (64755)
‘MRITE(6+937) — -

.

- K (DI amoemw a0 mag - oo mmeua o es e e
00 883 I=I 'LOEN N
CKEXRISI o e . P

883 KF (1eL)aKFXeKF (1)

TUTTUDU I Al T T T T

IF (CMPXX(111)«NE+0,00) GO TO 129
313 CONTINUE

CALL VANOR(RELL;LOEM;N’K’VI

"GD TO 107 T B
129 LOEW2n2eLOEY '

T CALL VANU(REEEvtﬂ?“lLOE”vN’K’V) -
CaLL ARR‘V(ZILOE“ZvLOE"Z’ZOvZO’S'Vl
“ CALL GINVRT (SsLOEMZ 40 +LI o MI) N o o
CALL ARRAY(1+LOEM2/LUEM2420+20950V)

On0ABS (D) - oo T T

O=OSQRT (D)

IF10.GT 00, 0RDLT,S00) GO TO 846 ™
64T WRITE(6+648)
608 FORMAT {3X940HV MATRIX IS SINGULAR -~ CHECK' nmn DATA)

Figure 5, (Continued),

32

e st WA




120

125

=
E
gﬁ 135
&
B 1ad
> 145
&
A
£ 150
%’
g; 155
¥
e
140
165
170

PROGRAM EAT

119~

_05/16/75 09,5929,

L KR
WAL | Bl - . .. PN a.2e75067
g
646 KFG=1 .
“60 TO 555 » 8 = T e
107 CALL ARRAY(25LOEMsLOEM»20520+SsV)

o060 !

CTIFOGLTIDD (AND $ DL GTe=DD)Y G0 TO 847 T

"CALL GINVRY (SsLOEMsDsLToM1) e -
CALL ARRAY (1sLDEsLDEM»20+204+SsV)

DETERMINE THE FORM OF "EXP(AT)  ~~ ~~ 7~ 7 77" -

699 KFG=0 T T Coo

555 IK=0 - e e £0 o SomE™ 00 CHOO0 ° 0o KO Koa

LOEHZ-LDEH
WRITE (645756)

756 FORMAT (3X///) B - - -

WRITE(64411)

11K=0

K0oOP=0

00 446 I®Ix - - - : o @ooaaomes
IF (KOOP) 4149415014

414 KOoOP=0 e

GO TO 44

415 LGMeNLT)

401

00 400 J=I,_ GM

“1IK=11Ke] s e e e o

IF (CMPXR (L)) 40694019406
WRITE(69410) IIXKelsy ' ST
GO TO 490

406 LOG=1IK+]

VRIVE(Gthﬂo) llKolkoLOGoan
11x=LCG6 SRR
KOOR=]

400 CONTINUE
444 CONTINUE

411

440

FORMAT (3X994EXP(AK) = /)
112,10/

«10 FORMAT(3Xsans F(s1204M192(s1201Hss1291H)/)

WRITE(6+430)
KQoP=0
11K=0
DO 901 151,K

LoMeN(]) 00 cie=m 0 o= @@

IF (KOOP) 6!&.61:0616

614 KOOP=0

GO0 YO 901

615 D0 600 J=I,(GM

601

1IK=]IKel
IF(CHPXX(T)) 60696019606
IF(J=1) 604+602+604

602 WRITF(6,603) [IXsRELL(I)

GO TQ 600

604 JyysJ=1

WRITE(6+605) llKoJJJORELL(I)

G0 YO 600 - e o ommocn @ o

606 KQoP=]

IF(RELL (1)) 61295074612
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e S T TN s ™ BT RTIE .
’ WRITE(64611) 11K 9 JJJ+CMPXX (1)

PROGRAM EAT ‘76(74 0PT=)

=R TIK=11IKs] "

178 WRITE(64+709) llK‘CMPXX(I)

S e ROOPED
G0 TO 600

1,0 ’ TIk=11Ks]

“60T HtIwkr 61016080610 - - o
608 WRITE(6+609) IXKoCMPXX(l)

FTN 4.2¢75067

05/16/75 09.59.29,.

WRITE(69711) 1IKeJJJeCMPXX (D)

© GO TO 600
6l2 Jidsdel

. j° - ) T WRITET64613) IIKeJJUIRELL(I) oCHPXX (1) ™7
1.5 11K=]11Ke+1

WRITE(64713) TIKeJJJeRELL (1) 4 CMPXX(I)

600 CONTINUE
901 CONTINUVE
605 FORMAT (///3X+2HF (9128H)

1907 o 61T FORMAT(/77/3X92HF (+124+8H)

711 FORMAT (/773X ¢2HF (91298K)
613 FORMAT (/773X +2HF (91296H)
18H) #COS (X# D1 54841H) )
i 713 FORMAT(/7/73Xs2HF (912+8H)
195 18H)#SIN(X*4D154891H) )

(X®®y12,31) #EXP (X*9D15+841H))

(X#®,12,8H)#COS (X#5015.851H)) "~

(X#®y(248H) *SIN(X*#+0154891H))
(X##512,8H) ®EXP (X*9D1548y

(X®#®12,8H)EXP (X%901548¢

603 FORMAT(///73X+2HF L9 12910H) = EXP(X#,018.8¢1H))

609 FORMAT(///3Xe2HF (41226H) = §6HCOS (X#9015,891H) )
4H) = y6HSIN(X#9015.841H)) °
430 FORMAT (///3X+16HWHERE F(1) ARE)

709 FORMAT(///3X+2HF (1
200 WRITE(69760)

’ c
2ns KOOP=)
' IK=0
YY=0.00
‘0U 809 1=lex T 7
[F(KOOP) 61646174616
210 616 KOOP=0
1Kk=lKel
GO TO 809
617 MMMaN(T1)
3 00 109 Us)l, MMM -
235 IKeliKel
IF(CMPXX(1))618+619,4618
618 KOOP=]1
KFG=1
GO TO 620
‘220 © 819 KFGEO
620 00 111 LlL=lsLIEM
00 111 LJL=l,LOEM
1F(LIL=LJL) 113¢112411)
112 ZL1ILL ) =V IKe 1)
228 GO TO 1))
- 113 ZeLILol L) =0,0
111 CONTINUE
' IF(KFG) 20%+2064+205

Figure

760 FORMAT (/7/3X+35H4ANO WHERE THE Z AND ZZ MATRICES ARE )
oy N . THE ol -
€ CALCULATE THE CONSTITUENT MATRICES
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| PROGRAM EAT Ta/76  OPY21 o FIN 4.2075067  95/16/15  09.59.29,
; T GO A1 TELS] FEDEM T T e T e e e e e
3 230 © DO 1164 JLL=1,LOEM e
e IF(ILL=JLL) 1160118s106° ~ G e o=
" 115 MKM3IK+LDEN
Y. s PRIkl e L Y (MK R
% G0 TO 114
- i = L R e £ 1~ 1y 1= o o 1 e sl
. 114 CONTINUE
e i s e 20800 TROTIEEZGLDEN T T ST v e e e e e
IF (JL.E0.2} GO TO 173 ' :
{ R ¢ 00, 08 = I DA T o A & PO 0 0D 01 0 SN0 TDD @ @ 0 DSEIImmN 0SSN e D
: 240 " CALL MATPRO(LDEM+AsRSAV,PROD)
e e e RGO 2T - e et e o 4
132 DO 236 1P=1,LDEM
: DD 236 JPs],LDEM : ' 3 e
. 236 RSAV(IPJP)=A(1P s JP)Y : -
25 ° " CALL MATPRO(LDEMsA+sRSAVsPROD) ol e
5 272 DO 199 1P=],LDEN
- a — S DU 199 JPRIILDEN s ¢ e e S
199 RSAV(1PyJP) =PROD(IP+JP)
. T 6o 10 120 - R . e e e
250 173 DD 919 1P=] oLDEN .
. DO 919 JPe].LDEW - . e

919 PRODIIP ¢ JP) =A(IP 4 JP) .
SR e g eSO S S S
DO 119 JNa1oLOEW
‘288 : ZOINSIN)EZ (INJN) oV (1Ko JL) SPRODTINGJN) * Co o e o amm e o o bee——
R IF (KFG) 333+119:333 :
333 LKL=1KeLOEN : R
zz«m.am:zzun..m)ov(LxL.Ju-moouM.m :
_...,..... - f e e - ‘llvm'lm—. . e ) e = s s
1640 CONTINUE
IF(KF3) 75897574758 © : | 2 moam c=mm e
758 U0 759 MIN=]sLDEN
DO 735 MINu 1 LDEN e
ZOMING M) 220 D082 (MINSMIN) -
e T s BNy 3 SN 2T CHTN S S ) -
757 WRITE(64778) 1ed
" IFGJeEQs1) KudoDO =3 o @ = oo Tmmoe= o e
1F(Jo6Ta1) noeu:m.mmru-un
1 . D0 537 e} sl OB - S —
DO 827 MUT=1,LDEM
- | e B R e o
- 827 CONTINUE '
. b - - DD 321 Wus].LDEM o -
{ D0 321 MUTwl,LDEN
. o T S - S

!F(I.LT.DC.AMDJ.GT.-'DC) Z(NO‘U"'IOQDQ
TTTITT T T 3% CONTINUE ¢

CALL WHITEL (LDEY+2) .
IF (KFG) 20743094207 : e W
290 309 AsRELL(I) -
1F(J.EQ.1) 5D TO 157 Lo T T e s e
ALl uwnouocnmva.naom
. rem - e e - ‘)o.'ﬁ, l"t.Lu‘ . ——————— - aem—— - y—
00 837 JPu]yLOEN
215 YRROVRCIP)P) 0Z(1P 4 JP) OFLOAT (=1 ) =BROD(IP9 BT~~~ ~ ~ ~ == = e

N
»
(-2

N
~
(-2

AP TN
t
.

ALY

T WAL T T O R PR

o,

Py
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PROGRAY EAT Teste  0PTRL . | FTN 4.2075067  0S/16/75 09.59.29

Y=20A85(Y) R T e e e
16 [F(Y=YY) 837417417 B . R
17 YYaY : :
837 CONTVINUE .
290 157 00 783 [P=),LOEM )
00 783 JP=],L0EM o
i 783 VR(IPsJPI=Z ([P M) i : oo s
i ' IF (JoNE,¥MM) GO TO 109
3 CALL WATPRO(LOEMsAsVRoPROO)
235 00 387 [P=},LOEM
! 00 387 JP=).LOEM s
! . Y3PROO(IP s JP) =VR(IP ¢ JP) #X
¥=0A8S(Y) : - : =m0 = oo -
IS IF(V=YY) 387416016
300 16 YVaY
£ COMTINUE
856 IF (KFG) 2074109207
E 207 WRITE(6+779) IoJ . o
IF (J.EQ. 1) xsI.00
s IF(Je6Ta1) XmO0BLE (FLOAT(KF (J=1))) B
00 839 MU=] 4 LOEM ;
' DO 839 MUTl,LOEM . 3
| ; 2Z (MUIMUT) 222 (MUsMUT) /X
S 839 CONTINUE
A no 00 128 Mus}.LOEM
v i 00 128 MUT=).LDEY
X222 (MU44UT)
4 IF(XoLT,DC.ANO.Xo 6T o =0C) 2Z (MUIMUT) 20,0
B I 128 CONTINUE °
g s CALL WRITVE](LOEMsZ2)
i IF(J+EQ.I) 30 YO 717
i

e e oo e A

T RN T
£
o
-

Pt

CALL MATPRO(LOEMsA+sVR4PRIO)
00 703 [P=] L OEM
§ 00 703 JUP=),L0EM
{ 320 © YsFLOAT(J=]) 02 (IPeJPI ¢RELL (1) SVR (P o JP) ¢ CUPXX (]) #VC (TP JP)
{ YeY=PROO(IP ¢ JP)
: Y=QABS(Y)

i 21 IF(Y=YY) 703.22422

i 22 YYeY

i 325 703 CONTIMUE

1 CALL MATPRO(LDEM. A VCPROO) !
. D0 370 IP=},LOEM
!

]

00 370 JP=},.L0EM :
YaFLOAT (J=1)22Z(EP s P} ¢RELL ([} VC (1P ¢ JP) =CHPXX (]) *VR(IP+JP)
330 YaY=PROO ([P P}
3 Y=0ABS(Y)
g 23 IF(Y=YY) 370426024
5 | 26 YY=Y
370 CONTINVE
9 1S TIT DO 307 [Pu}s OEM
4 00 307 JPm].LDEM
. : VRIPeJP) =2 ([PyJP)
4 VC(IPoJP)RTZ(IPeJP)
p 307 CONTINUE
¢ 360 IF (JeNE, MMM) GO TO 109
- CALL MATPRO(LDEWs A9 VRPROO)
00 893 [Pu}, L0EY R
00 893 JPr],LOEV ;
YakELL (1) SVR(IP ¢ JP) «CHPRX (T) #VC (1P JP) «PROD (P e JP)
38 Y=0ABS (V)
41 IF(V=YY) 893462402
YynY .
893 CONTINUE e
CALL MATPRO(LDEMsA+VC.PRJD) )
350 00 993 [P, L0EN :
00 993 JP=), LOEM
. YRCMPXR (1) sVR (TP e UP) *RELL (1) OVC{IP 4 JP) «PROD L IP ¢ JP) .
: Y2DABS (V) .
A3 IF(Y=YY) 991044004 g
k113 46 YYRY i
; 993 CONTINUE i
109 CONTINUE {
; 489 CONTINUE i
: WRITE (0475%) !
39 WRITE(D019) YV
19 FOQMAT (3X ¢ JOMMAK[WUM ENTRY OF ERROR MATRIX2,101%.8) ' H
60 YO 806 1
3 179 FORMAT (/773K oIMZL(o [0 Ms0[ 202 1M} #ATRIX 1S/)
; TT8 FORMAT (/77730242 (s [201Me 020217 MATRIX [$/)
2 388 FORMAT (]2)
762  CONTINUE
END

P

Akl
kA
~

-

-
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_SUBROUTINE GINVRT  74/74  OPT=l . _FIN 4,2+75067 05/16/75_ 09,5953,

T T T T SUBROUTINE T GINVRT(ReNDBLEM) T T T T
¢ ] .
* R 'g "7 THIS ROUTINE CALCULATES THE INVERSE OF A MATR - . -
s 7T DIMENSION A(I) oL (1) eM(I) ~ i I e
o R go_si'BLE PRECISION AsBIGA+DsHOLD
= e -
' NKs=N K o -
. DO BO KaLeN . e e - :
10 NK=NK*N ~ : \
L. s (KIEK . e e e e . c e
: M{K)=K . '
m e e e RN T ot s
BIGA=A (KK) . .
15 : 0020 JaKeN - T o T T SR I e T S
1ZaN® (J=]) : )
D0 20 IsKyN~ = = T R - - -
1ys1Zel ]
' o lo",""'IF(IIABS(BIGA)-DABS(I(IJ))") “15020020 S
20 S ¢ ] BIGAsA (1)
. L LR BL = mee e e e e e e PR =
M{K)=J .
20 "CONTINUE ~ ' - ' : e
c INTERCNANGE ROUS :
56 T et (K) . oo me o camc e
IF (J=K) 35435923 )
25 KIsk=N o L. . T
D0 30 I=I4N -
T DT KLsKIeN
10 NOLD==A (K1) :
T furv> it b e . . T, -
AKI) =A(J]) '
30 A(JI)=HOLD o : - G TTTTr T e
c INTERCHANGE COLUHNS .
L1 I 35 IsM(K) - ' TUUTT T T s s s e
IF (1=K) 45,45438 .
S 38 - gpaNetI=tr- - — P . e
DO 40 JsIeN '
. . IKENK+J G S U
20 ' JIsJPes o
. HOLDS=A (JK)© - . e et e e iy
A(JK)=A(JT) )
Al e KCITYRHOLD T - - W e e e
C DIVIVE COLUMN 8Y MINUS PIVOT (VALUZ. OF PIVOT ELEHENI’ IS CONTAINED
X2 ' [ IN BIGA) o I
(3] IF (BIGA) 48,46908 .
46 Om=0: - A . et e e e e
RETURN
S i -ag  DOSS IsIeN - . P, e e e e I C—
50 IF(1+K) S0455¢50 :
1] IXKasNKe 1 : T T T o e
ALIK)SALIX) 7(=BIGA) !
55 CONTINUE ' T T T T T e
B REDUCE MATRIX
S T 77 D0 65 IsIeN ) e ey
IKsNKe
HOLD=A (1K) ' o T T T H

Figure 5, (Continued),
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SUBROUTINE GINVRT Te/76  0OPTx) FIN 4.2475067 . 95716775 09.59,53,

_______ Ta=l~N - -~ e e
00 65 Jz],n
«0 . S 1gelden- - - - B T e
IF (1K) 60465560

e

0 IF(JK) 62453082 T — . . T T e e e e

2 Ku=1J=T+K .

eI EROLDe A ey L e
CONT INUE -

"OIVIDE ROW 3y PIvVOT ) : T T e

KJ=K«N

‘oo

65

oo
u

4
, 00 75 g1 L R
: KJzKJen ,
: 70 TOUT T IF(U-KY TO0.7se10 - - - e
| 70 AWK =ACKY) B1GA

75 CONTINUE : . - T ;

¢ PRODUCTA OF IyoTs

Pttt il - B e
75 ¢ REPLACE PIVOT BY RECIPROCAL

A(KK)=1,/8154 s RS e

!

| ;

5 . 80 CONTINUE
4

SR

C FINAL ROW AvD COLUMN INTERCHANGE e =0, == == j
K=N . é
a0 100 K={K=1) ) . . o= R i

; i IF () 1504130,105
; 105 Is=L.Kx) ! T - pg—— o ]
IF(I-k) 120,120,108 ;
108 JQ=N#(K-]) - I E B S ¢
a5 JR=N® (I~]) . :
00 110 y=1,y . . . 19 S - P ﬁ

AK=JQey

~ MOLO=AtUK) - - .- e e— e —————— :
JI=JRey

E
90 A(UK)==A (J]) : I N - :
110 agyl)enoLp
120 J=M(K) :
IF (J-K) 100,100,125
T 128 Ko 100 R — T e—
a5 00 130 =),y
KI=KIN . 3 BT
HOLD=A (K1)
‘JX=KI-K‘J . . Tt emeee o Lo L Ll
A(KD) == (41

p
' 100 o -F30- A(Jl)tﬂﬂtﬂ—»—— T - T e—— ---*-~>-->-~—---——%—~—-—~———‘_*—~‘“_: "

G0 TO I00 £
| 150 RETURN : T e e ;
! END

B R ‘
/

Figure 3, (Continued),




SUBROUTINE ARRAY  74/74  OPT=]

© SUBROUTINE ARRAY  (MODE¥ToFiMiNsSeDy -
TH1S ROUTINE PREPARES A MATRIX FOR SINVERT

DIMENSION S(I740(TF = -
DOUBLE PRECISION Sy0

.

St c it

et ol

I CoBoutY | WIOgs. | W0dgostio

Wi=N"y
TEST TYPE OF: CONVERSION
C IF(MODE=1T 10041002120~
CONVERT FROM SINGLE TO DOUBLE OIMENSION
Tgepwgey o Mt b
NM=N#J+1
T o D0 110 KSEIVY T T oo
NM=NM=NI
00 110 L=14I
TJ=1u-1
NM=NM=1
O(NM}=S{IJ)
60 TO 140 7 77
CONVERT FROM OOUSLE TO SINGLE
1020 A al e
NM=0
D0 130 X=1,J
00 125 L=1,I
IJ=1J%1 "
NM=NM+ I
S{I1J)=D (NM}
NM=NM+N]
RETURN
END

H

i5

110

>0
) 120

25

125

130

140.
10

SUBROUTINE MATPRO 74/74  0PT=]

SUBROUTINE MATPRO(LOEMA»BsPROD)Y -

[sNeXg)

OIMENSION A(10+10)9B(10+10)9PRO0(20s20)
OOUBLE PRECISIUN AsBs PROD

DD 20 I=I+LDEM T T T
DG 20 J=l,LDE#

PROO(IsJI=0,

0D 20 L=1+1.0EM
PROO(I2J}=PROD(IsJ) +A{loL) *B(Ls )
RETURN

END

20

SUBROUTINE WRITEL Tarsta OPT=}

SUBROUTINE WRITEI (IQeA)
THIS ROUTINE wRITES A MATRIX

[eXaNel

8 DIMENSION A(10,10)

OOUBLE PRECISION A

00 1 I=IsvIDQ

WRITE(6+2) (A(leJ)sJ=lelQ)
FORMAT (6 (4X4D16.9))
RETURN

ENO

—

10

Figure 5,

39

THIS ROUTINE CALCULATES THE PRODUCT OF TWO MATRICES

prit R i Py FRIAE B LG Ta poeg e el B RIRE 4 e

FIN 402475067

05/16/7510,00.00.

FTN 442475067 05/16/75 10.01.12.

(Continued),
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SUBROUTINE VAND 1674 0PT=) | FTN 4.2475067  _ 05/16/75 _10.01.14.

“SUBROUTINE VAND(REALP»COMPP I NeMeKyV) ~ T

THIS ROUTINE CALCULATES THE VANDERMINDE FOR MATRICES WITH COMPLEX T
EIGENVALUES

aaOn

OIMENSIDN R‘ALP(X)oCQHPP(l)oH(l)vV(ZODZO)
DOUBLE PRECISION V,REALP,COMPP
OOUBLE PRECISION AsBsCoDsZosFoAA+BB .
"TNSUM=0 o oo o T
10 DD 10 L=1eK
vl . . e
IF (L.EQ.I) NC=1
IF(LGT 1) NC=NSUMel - T ' -
NSUM=NSUM eMM
15 . A=REALP (L) - : T T T e e m e mmm——
B8=COMPP (L)
C=1.00 [P JE R,
=0,00 '
o . . D0 30 T=2,N A P
20 CALL COHCAL(A»BQC.OoﬁvF) a
Cof . I FO RO
0=F
V(I+eNeNC)=D o T T T
V(IsNCoN)=a)
25 - V(IeNsNCoN) =v(JeNC)=C '~ ~— — 7~ — T T T
30 CONTINUE !
V(1eNyNCeN) =v (14NC)=1.D0 : o CTom T e e
V{1eNsNC) =V (19NCeN)=0,00
IF (MM.EQ.1) GO TO 10 T ’ Lo rmm e
10 00 &0 I=1eN o
DO 40 J=2oM4 - * @@ ocoosoo Cmome——m® o meom—e
JJ=NCe J~1
IF(I=J) 97,398+99 ) T ) v oo
97 V(I+NsJJeN)=V(19IJ)=0.D0
315 V(IeNeJJI=V (I eJJeN)=0,00 a ’ CoT T
GO TO 40
98 V(IeNsJJ*N)=VII9JJ)I=1.00 ’ o TTmT o m T e e e
V{ieNsJJI=V(I9JJ*N)=0.D0
GO TO 4§ T T e T T T/
al 99 AA=V(I~1sJJ) .
: 88=V (1+N=1,JJ) ' : e
Czv(I~19JJ~1)
- D=VEIoN=10ud=1) - R
CALL CUHCAL(AAOBdOAvﬂvaF) °
o —E'C R i
F=F+0
V(IeNsJJeN)zV(IsJJ)=E ' - oo Tmmmmmn e LT
V(IeNeJJ)=F
V(IoNeJJ)==F St B
50 40 CONTINUE
10 CONT INUE I S
¢ RETURN '
£ND a o . OO

e £ A SRS YRS NI D A ST A T ARSI O SV R SRR
N

AT W < R g ML LT RS

Figure 5, (Continued),
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SUBROUTINE COMCAL Te/74  0PT=]

SUBROUTINE VANDR Tarsle 0PT=1

C T TTTSUBROUTINE VANOR(RELL sNeMsKe V)

e IF(LeGT 1) NCSNSUMeD™

SUHROUTINE WRITEP  74/74  OPT=}

FIN 4.2¢75067

SUBROUTINE COMCAL(AsBsCy0sEoF) = o -

THIS ROUTINZ CALCULATES THE PR&DUCT OF A DOUBLE PRECISION COMPLEX
NUMBER

[sXe Na¥el

00uUBLE PREC)S)ON A'BIC'OIEOF

05/16/75 10.02.01.

EzpA®C=Bel— e e mme
FzAsD+8eC

RETORN -~ = = = a . o oo=o @0 oo
ENO

FIN 4,2475067

EIGENVALUES

(e XeXeNe]

OIMENSION R‘LL(I)9H(I)'V(20020)

© TH1S ROUTINE CALCULATES THE VANOERMINUE FOR A MATRIX WITH ONLY REAL™

..05716/75 10,02,53.

T T O0UBLE PRECTSTONTRELL WV -
OOUBLE PRECISION 2,22
NSUM=0" =~
00 10 L=1sK
T MM=MLL) B
IF(L.EQ.1) NC=1

NSUM=NSUM +MY
ZZ=1.00 ’
Z=RELL (L)
00 30 I=2.N
IZ=21%1
T V{leNC)=ZZ

30 CONTINUE
V(1sNCI=1.00
IF(MM.EQ.1) GO TO 10
00 40 l=IeN
00 40 J=2sMM

T JJENCedel T
IF(1=J) 97,38+99
97 V(leJJ=0.D0
GO TO0 40
98 VileJJ1=1.00
GO TO &0

T T VT e JAYEVUTT e JI= 1Y eV I =19 JIVRT ~
40 CONTINUE
10 CONTINUE
RETURN
ENO

FIN 4.2475067

SURROUTINE "WRITEP (XCOF oN) T T T
TH1S ROUTINE WRITES A POLYNOMIAL

[eXeXe

UIMENSION xCOF (1)
O0UBLE PRECISION XCOF

05/16/75_10.02.58.

T WRITETO 61037 XCOFTL) oo o
NNsN=1
- 00 10 1IsleéNN T
10 WRITE(64100) XCOF(Ieid)sl
- WRITE(OVI0I) XCOF(N+1)oN . -
100 FORMAT(/3Xs1H(21015.801H) o IXslHEX®R 1241 X0 NHe)
" T10T T FORMATT/3Xs TH (o IDIS.80 IH) o IXgoHeXiuy12) '
103 FORMAT (/3XeIH{s1215,801H) 01 Xslre)
RETURN -
END

Figure 5, (Continued),
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SUBROUTINE SORT 74/74  07T=l FTN ©.2¢75067  05/16/75 10.08.01,

i E s e e SUBROUTINE “SORT (ROOTRyROOT I sRELL $CMPXX s STORX s STORY3MeNsKs0K)
c
> - C°  THIS ROUTINE SORTS THE ROJTS SRR
. c
i 5 i ‘DOUBLE PRECISION 0K [
B OIMENSION M(1) _

| T T T T T~ UIMENSTON T STURXTIV . STORY(I) ™ B
; OIMENSION RaorR(x).Roorltl).RELL())-canx(x)
i e o UCUBLE PRECTSION ROOTR4ROOTTRELL ¢ CHPXX ’ T T oo T
| 10 OOUBLE PRECISION STORXsSTORY
: ‘ : " OOUBLE PRECISION XsYen92400,08 T S wwe =R e SR Em mEmSmE o mees 3
K=0
e - i Y T
i D0 10 I=1eN 0
15 - o e - o . . T e
M(K)=0
~ X=ROOTR (1} : C - Comm
; ¥Y=RO0TI(1)
’ 3 . SRR RE'L['(K):X T i Jan 3 . C e e - e Ae—— - .._.___..,..___...
! 20 CMPXX (K) =Y . -
) NN=N-KK : 5 = -
i NK=0
i ] 00 20 J=1eNN
W=ROOTR(J)
i . = o - 2-ROOTI(Y)" o o og=EEws @ e T oo o o e s
00=0ABS (X~W) .
! : 08=0AB5(Y~7) C
: IF(DDeLT40K.ANO,IB8,LT,0K) GO TO 30
; NK=NK+1
i 20 STORX (NK) =W
- : STORY (NK)=7" "~ : CT T e
60 TO 20
30 M(K)=M(K)+1
20 CONTINUE
15 : 00 40 L=1sNX - -
ROOTR(L) =STORX(L)
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